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CHAPTER 10

Analytic Geometry in Three Dimensions

Section 10.1

The Three-Dimensional Coordinate System

<x1+x2yl+y2z,+z?_>
2 o2 7 2 )

B You should be able to plot points in the three-dimensional coordinate system.
B The distance between the points (x;, y;, z,) and (x,, y,, 7,) is

d= \/(xz - xl)z + (¥, — )’1)2 + (2, — 21)2~
B The midpoint of the line segment joining the points (x, y;, z;) and (x5, ¥, 2,) is

B The equation of the sphere with center (k, k, j) and radius r is
(= BP+ (v~ B+ = = 1
B You should be able to find the trace of a surface in space.

Vocabulary Check
1. three-dimensional

3. octants

(%*J‘h ntyzy '+32>
272 72

7. surface, space

. xy-plane, xz-plane, yz-plane

. Distance Formula
. Sphere

. trace

1. A(—1,4,3),B(1,3, —2), C(=3,0, —2)

3. A(—2,—1,4), B3, —2,0),C(-2,2, —3)

5 6.
5
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1 912D
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2 1A 203 4 s
72 5 A
3 '_
44
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-3

888

2. A(6,2,—3),B(2,-1,2) C(~2,3,0)

4. A(0,5, —3), B(5, —4, —2), C(—4,1,5)

7. T (-4,2,2)8
:l
L et
.
1 r ¢
,
¥y ¥
3 wd wd 3T s iz 03
G.-1.0) g
4 -2
x -3 A4
44
-84
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11.

13.

15,

18.

21.

23.

25.

27.

28.

9. ¢ 10, 1
5T 5 2
1 G2, i
@047, f 3 A G g !
v A FOERS S
33 123 4556 ; i w;&’:—v{ -
; o R S O T I 4 6 -37
N ‘ 2 " by -4
of 3 84 i : 5.2,) b
S oear B s’ b 6(%4‘—2) 6.5 .
x= =3 y=73z=4 (=3,34) 12.x=6y=~-lz=—1 = (6 —1,—1)
y=2z=0x=10: (10,0,0) 4. x =0,y =2,z=8 = (0,2, 8)
Octant IV k 16. Octant VI 17. Octants I, I, 1T, IV

Octants I, IV, VII, or VIII

d=JV({T-3P+(@-27+@8-(-5)
- ETET IR
= /16 + 4 + 169
= /189
=321 =~ 13.748

d=JI6-(—DF+[0-4F+[-9 - (-DF
- TR
- /BT I6 T4
= /114

= 10.677

Q
il

(1-02+[0-(=3)P+(-10- 07
J1T+9+100
J110 ~ 10.488

il

i

19, Octants II, IV, VI, VIII

(above the xy-plane)

20. Octants [, IL, VII, or VIII

22.d=JA4-22+(1—-12+(9-6)2
= JE¥9
= /13

24.d=V0 - 2P+ Q- 3)P+ (=7 - (-7)7?

=9+ 16
= /25

26.d =2 =07+ (-4-62+(0—(-3)
= J4+ 100 +9
= /113

d=VO-02+0-42+2-07=20=2.3

dy=VO-(=2P+0—-57+2-27=29

d=JV(-2-02+(G-42+2-02=3
d?+d?=20+9=29=4d}

d, =
dy= Q= (~4P+ (-1 -4+ Q- 1= /&
dy= A= (CDF ¥ G-+ (1~ 0P = /6

d? +d? =56 +6 =62 =d,>

Ve (2P (FL =52+ (2 - 07 = 56 =2/14
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29.d,=J/2 -0+ 2-02+{(1-02=/9=3 ,
dy=JV2 -2+ (4 -2+ (4 - 12 =/45=3/5
dy=J2 -0+ (-4-02+(@-02=V/36=6
42+ d =9 + 36 = 45 = d,2

30.d, =01 -1 +3-02+0-12=./9=3
d=VIO-12+3-07+(1-32=/13
dy=JO-17+0-02+(3-172=2
d2+d? =9+ 4 =13 =d,?

|

1

J16+ 4+ 16 = /36 =6
J36 + 4 = J40 = 2./10
4+ 16+ 16 = /36=6

3.d, =512+ (-1 +3P2+2+272
JEHIP2+ (-1~ 12+ (227
dy= V(=1 -1+ (1 +3P2+2+2)7

i

S
f

il

i

d, = d,, Isosceles triangle

32.d,=JT-52+(1 -3 +(3-42=/4+4+1=/9=3
=/B-TIP+G-12+3-32=/16+16= /32=42
dy=JVB-3P+(B-3 +0B-4f=V4+4+1=./9=3

d, = dy = 3, Isosceles triangle

&
|

|

3.4 =VB-47+(1+1P2+02+27=/36=6
d=JEB-2F+(1-37+ 2 —-27= /40 =2./10

dy=@=2FF(-1-3P +(-2- 2P = /36=6

Since d; = d,, the triangle is isosceles.

4.4, =VB-1P+0+2P+(0+1P=/9=3
dy=V3B 37+ 0+ 672+ (0—37=145=3.5
di=JVB -1+ (—6+2P+(B+12=V36=6
d?+d? =9+ 36 =45=4d)?

Right triangle

-1+35+7 —-3-1
2 7 27 2

3-3 ~6+410+4
2 2 72

35. Midpoint: ( ) =(0,-1,7) 36. Midpoint: ( ) = (1,6, —=2)

o [6=4 =2+25+6) 11 , e o [(=3-635+45+8\ ( 9913
37. Mzdpomt.( T T, )-(1,0, 2) 38. Mldemt.( ) )'—*( > 2)
S -2+78-410+2) (5 o (949 =5-21-4) 73
39, M}&p@:ﬂt.( T )~<252,6) 40. Midp{)lﬂt.( T T )-—(9, > 2)

41 (x =3P+ (y =22+ (z — 4> =16 42 (x+32+(y—42+(z—-3P=4
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43.

45.

47.

49.

50.

51.

53.

54.

+12+(y—22+22=3

(x =02+ (y—4?2+(z—3)P=3
PH(y—4P+Ez-3P=9

Diameter

Radius =

+32+(y=—7P+(z—57=5=25

4. 2+ (y+ 12+ (z-3P=5

46. (x =2 +(y + 1)* + (z — 8)* = 36

Di t
48. Radius = *'E%IEE = 4

(k= 0P+ (y~ 5P+ +9P7=4=16

Conter- (3+00+0(}+6>m(§03)
T2 T 2 2
332 . 9 45
Radius: \/(3w~)+0~@2+ 0~32::\/~+9::\/:
adius 5 ( » + ( ) p p
332 45
Sphere: (x--~—> +(y =02+ (z-3P=—
2 4
2~1~-2+42+6 I
Center: , =1{-14
emer: (25~ =5 259) - (5:1.)
1\? 1
Radius: \/(2--)+(~2~1)2+(2~4)23\/2+9+4x\/§
\ 2 4 4
i\? 61
Sphere: <x~»-> +{y =172 +(z -4 =—
2 4
(2=5x+8)+y2+2=% 52. x2+ y2 — 8y + 16 + 22 = 16
(k=3 +y2+2=28 X2+ (y— 42+ 2= 16
Center: (3,0, 0) Center: (0, 4, 0)
Radius: 3 Radius: 4
(R-—dx+4+ (P +2+D)+2=4+1
=22+ (y+ 1P+ 2=5
Center: (2, —1,0)
Radius: /3
2_ 41 2yl 2 ‘}_)_u 1,1
(x x+4)+(y y+4)+<z z+4 +4-{-4

(=37 <-4 3

111
Center: ( 2,5, 5)

Radius: ~\~g§~
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55, (P~ 4dx+4) + (2 + 2+ DN+ (2 -62+9) =-10+4+1+9
(x—=2P+{(y+1P+(z—-37%=4
Center: (2, —1,3)
Radius: 2

56. (P~ 6x+ 9+ (P +ay+4)+2=-9+9+4
=3P+ (y+2p+72=4
Center: (3, —2,0)
Radius: 2

57. (P +4x +4) + 2+ (22— 8+ 16) = —19 + 4 + 16
(x+2P2+3y+(z—42=1
Center: (—2,0,4)
Radius: 1

58. 2+ (¥ =8y +16) + (2= 62+ 9)=—13+16+9
Py -4+ {37 =12
Center: (0, 4,3)
Radius: /12 = 2./3

59. Ay AP - - gy —8= %

-2+ D+ (- + Y+ (@2-8+16=-2+1+L1+16
-1 +(y - +G@-ap=9

Center: (I,%, 4)

Radius: 3

i

60. Ayt —x—3y— 2
(—x+i)+(P-3y+P+E@-22+1)

=3+ - +e-1p=

[SHV N ST
"{u

o s

.{m

S =}

+

o

i

Il

Center: {%, %, 1}
Radius: 1

61 42 —2x + 1) +4(y2 + 4y +4) + 42 =4+ 16+ 1

R

Center: (1, —2,0)
V21
2

Radius:
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62. 90(x* —2x + 1) + 932 + 4y + 4) + 92 + 62+ 9) =9 + 36 + 81 + 126
9x — 1P+ 9y + 2)2 + 9(z + 3)2 = 252
=12+ (y+2P +(z+32=28=(2/7)
Center: (1, —2, —3)
Radius: 2/7

63. 9x% — 6x + 9y? + 18y + 972 = — 1
2= rd eyl 2= 55+
=3 +O+e2=1
Center: (%, ~l,(})

Radius: 1
, L, , =33
64.):“X+Z+y“8y+}6+2"+22*%1:“2“‘*+z+i6+1 ;
1\2
(x~§> +(y—4P+@z+12=9
Center: (‘1" 4 “1>
- 25 b4
Radius: 3
65, xz-trace (y = 0): (x — 1)? + 22 = 36, Circle 66, yz-trace (x = 0): (y + 3)7 + 22 = 25, Circle
<x~1>2:}3;‘§3 ‘
67. yz-trace (x = 0): (y —=3)? +72=9~4 =35, 68. xy-trace (z = 0): x*> + (y — 1)> = 3, Circle
Circle i
J
1 <
\;}:\x zi; /~4
7 3 L)
)(,)(
s 4




894  Chapter 10 Analytic Geometry in Three Dimensions

69. (2 —2x+ 1)+ 2+ (2~ 4z + 4)
(e =12+ 2+ (z—2)

~1+1+4 0. 2+ (P —dy+4)+ (2 —-62+9) =12+4+9
4 Ay =22+ (z-3?2=25

Il
il

PR
Pre-2=3)

> _ . > .
x el ’ x 107 y

yz — traceix = 01 y* + (7 — 2)* = xz — tracery = 00 X2 + {z — 3)? = 21

72 X2+ y2 + 6y + (22 — 8z + 16) = —21 + 16
P+ +6y+ (2472 = -5

ZE:::41:- w5_x2,_y2”_6y

75. The length of each side is 3. 76. x =4,y =4,7=18, (4,4,8) 77. d = 165 = r = l%’ji = 82.5
T - { 2} = (3~ ‘ .
Thus, (x, v, 2} (39 3,3). 24 K,\/’Z 4+ 2= (J_?)z

78. (a) x2 + y? + 72 = 39632

(b} Assume the north and south poles are on the z-axis. Lines of longitude that run north-south
are traces of planes containing the z-axis. These shapes are circles of radius 3963 miles.

(c) Latitudes are traces of planes perpendicular to the z-axis. These shapes are circles.
79. False. x is the directed distance from the yz-plane to P 80, False. The trace could be a single point, or empty.

81. In the xy-plane, the z-coordinate is 0. 82. Itis a plane.
In the xz-plane, the y-coordinate is 0.
In the yz-plane, the x-coordinate is 0.
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83. The trace is a circle, or a single point. 84. The trace will be a line in the xy-plane (unless the
plane is the xy-plane).

X, X
85. x, =~ = x, = 2x, — X 86. x, =2x, —x;, =2(5) —3=7
=2y, ~y =28 -0=1
Similarly for y, and z,, y2 = B = = 28 ~ 0 =16
=727 =z, =27 —2=12
(x2’ y‘,},s Zz} = (me - x}a 2}’,,; - yl-; 2Z‘m - Z})- 22 Zm Zl ( )
(7,16, 12)
9 9 49 49 25 25
SV v S =24 LT = = =S+ D=5+ 2
87v+3v+4 +4 88. z 7z+4 }9+4 89, x Sx 7 54~4
a3 (-1 (-3 -3
(" 2) 4 {Z 2 4 2) "4
3 17 7_.5J5 5 U5
V‘*I"“iwi"‘z"' z 2“‘i ) x 2“1’2
3 17 7.5 5. V5
= el XL =L w Do M
VTR TS e=3 35 ¥ERED
9 9 5 25 25
2 2 Z 2 - R )
96, x +3x+4 1+4 91.  4dy* + 4y 92. x +2x+16 4+16
19 1
3\ 13 Y4y b=t ( 5\2 89
(x+2)w4 4 4 4 x4)w16
3 J13 (y+1>2:~1~9 5 /89
x+ s =23 2) 4 x4 3=
0
_ 3.3 Y*“:i‘““‘”; _ o5, /%
TR TTTE T
1, /10
y=—g kg
2
93. v = 3i — 3j, Quadrant IV 94. v = (—1,2), Quadrant Il 95. v = 4i + 5j, Quadrant |
vl = /3% + (=3) v = VIZ+22= .5 vl = V16 + 25 = /41
~ /3
« 18 tan@»‘::g?:::»é?%lléaéﬂ tanﬁzgwﬁmﬁﬁf
=32
tan{iﬁ“%rwlw
# = —45° or 315°
96. v = (10, = 7), Quadrant IV 97. u-v={(—4,1y (3,5 98, u-v=(=1,0 (=2, -6
vl = /100 + 49 = /149 = —4(3) + 1(5) =240
= 7 =7

.."7 5
tan 6 = 0 =» § =~ 3250
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99. a,=1l,a,=a,_, +n?
a =1+1%=
a,=2+22=6
a, =6+ 32 =15
a, = 15+ 42 =31
1 2 6 15 31
First differences: 1 4 9 16
Second differences: 3 5 7
Neither model
100. ¢, = 0,a, = a, , — 1
a=0~1= -1
a=-1-1= -2
ay = —3
a, = —4
0 =1 -2 ~3 —4
First differences: ~1 -1 ~1 -1
Second differences: 0 0 0
Linear model
161. a, = —l,a,=a, , +3
a,=—-1+3=2
ay=2+3=75
a;=5+3=28
as =8 + 3 =11
-1 2 5 8 11
First differences: 3 3 3 3
Second differences: 0 0 0
Linear model
102. a, =4,a,=q, | — 2n
a=4-22)=0
a; =0-203)= -6
a, = —6—2(4) = ~14
as = —14 = 2(5) = —24
4 0 -6 -4 =24
First differences: -4 -6 -8 - 10
\Secand differences: -2 -2 ~2

Quadratic model

© Houghton Mifflin Company. All rights reserved.
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103 (x + 5P +(y— 12 =49

165. (y — 12 =dplx — 4), p= =3
(y = 1)?=4(-3)(x — 4)
(y—10=—12(x — 4)

107. a = 3, b = 2, center: (3, 3}, horizontal major axis

(xw3)2_5v{y“3)2:1
9 ‘ 4

109. Center: (6, 0), horizontal transverse axis
a=2,c=06b =c?—a?=36—-4=732

G—67 ¥ _

4 32 =1

Section 10.2  Vectors in Space

104, (x — 3)2 + (y + 6)? = 81

106, (x — 2 =d4p(y — k), p= =5 (h k) =(-2,9)
(x +2)2=4-5)y - 5)
(x +2)2 = —20(y ~ 5)

il

Il

108. Center: (0, 3)
. . . 9
Vertical major axis length 9 = a = 5

81 45
— g e Pl 2=2t g2
c=3 = b a ¢ 1 9 3
-0 (=3 _
(45/4) (81/4)

110. Center: (3, 5), vertical transverse axis
=4 c=5W=c-F=25-16=9

-5 -3
16 9

Vectors in space v = (v, v,, v3) have many of the same properties as vectors in the plane.
The dot product of two vectors w = (i, u,, ity) and v = (v, v,, v,) in space isu *
Two nonzero vectors u and v are said to be parallel if there is some scalar ¢ such that u = cv.

You should be able to use vectors to solve real life problems.

V= gVt Vs ot lgVa.

Vocabulary Check

1. zero Zov =i b v+ ok

4. orthogonal 5. parallel

3. component form

© Houghton Mifflin Company. All rights reserved.

Lv=(0-23-02-1)=(-231

2. v=(0—-1,4—(-2),—4—4)
- (~1.6,-8)
by

B o oo
7 Y
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ons

L@v=({-1,4-40~-4)=(0,0—4)
(b)

5. (@ v=(1-(=6),-1-43-(-2)
={7,~5,5)
) v = VTT+ (=57 + 52

|
= /49 + 25 + 25
~ /35

311

v 1 J1T

W

¢) T = —=(7, =5,5) = (7, -5,5

i

To@v=_l—-(-1),4-2 -4 (-4)) =(2,2,0)
by v= V22F 22+ 0= /8=2.2
R . 1 L <_§[§ J2 >
(¢) Unit vector: 2\/542, 2,0) = 5 5 .0

4. (ay v={(0—4,-2~(=2},1 — 1) = (—4,0,0)

(b)

b
-5
i Fa00

[SRRTIN
T T

-4 ~3 -2 1 123 4
2

6. (a) v={(0+7,0-32-5)=(7, -3, -3)
) M =V4+9+9= /67

(¢) Unit vector:

1 /67
7@-;}(7, =3, 73) =7, -3,-3)

8 (@ v={0-02-(-1),1-1)=(0,30)
) M= VEFFF0 = /=3

1
(¢) Unit vector: “3—{(),, 3,00 =(0,1,0)

9, (a) : (b)
67 (2,2.6 4
5T 3
- 4
4 . 293
I - .
2 j! _4”3_25" I 23 4
. v , A RE R
4 -3 o3 4 4
3}%“'7V x -3
4}, -2 )
x
© ; (d)
sT (239 4
4 (353) 3
e
3 ) 2732
Y e ot
I Fe ©,0.0
Y 410 14 1 73 4
: - y 24k
432 A 13 4 1/
47 ot .
o x 3
x 3“ 44
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10. v =(~1,2,2)

(a) -y = (], =2, —2} (b) 2v = (=2,4,4)
£ N (-2, 4,4
4 s ;
i
3 '
i i I
A 273, t.
i wF ST /,rw
» : Aoy Loy
BTN e Q. DY 1 3 ] ~4 =3 -2 ﬁ1» 1203 4
(12,2 J of s af
L o o ar
'ty )
1 /1 5 -5 _ _\
©5v={-311 @ 3v=\7555)
. -1.5.5) #
1) : |
i ! :
- - ) s '
-2 - i 7 ’ L vl
1 i S
P -3 -2 1 SO A
x 24 5
-2 4’3;/“2_
X
1L v=2i+2 -k
(a) 2v = 4i + 4j — 2k (b) —v=—2-2+k
4
(~2,-2,1) 31 4
5 ¥ o 4
~4 -3 ) =
¥y
4 -3 -2 1 {23 4
et
x Y
44
5 5 (d) Ov = 0
2y =5i+ 55 - 2k
© 3 173
N 4
o
N ;/
273
2
. 0,001/
. y -4 -3 1 123 4
B [ 23 4. ¢ 2
74 J/ 34
3 ’ 44 2
44 L L
6:/":; S £l
-5
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12.v=i—-2j+k

(a) 4v = 4i — 8} + 4k (b)y —2v = —2i+ 4j — 2k
w01 4
%
P -4 t o,
6 7»81 2:3 uuuuuu :‘,_...
4,8, 4) ‘ f 3
2 -2 1400 6
¥ 2.
—12 ;, -6 -4 3 7 4 1 (<2, 4,-2)
wwwwwwwwww - 44 2
’ 86//«1’ l}r -3
# L
x b -
fv=gi-j+ ik 4 ov=0
(cysv=si—j+3 (d) Ov =
2t 4
(1) 17 \ 243
- , 0,0,0)
2= i 2 ‘ -4 =3 2 1 {23 4
i e
T W -
X ok x -3
~4

13.z=u~2v={(-132 -2, ~2,-2) = (~3,7,6)
4. z=7(~1,3,2) + (1, =2, —2) — $(5,0, =5) = (7,19, 13)
15. 2z — 4u = w = z = S(4u + w) = 3(4(~1,3,2) + (5,0, ~5)) = (£, 6,2)

16.z2=-u—-v=—(-1,32)—(1,-2,-2)=(0,—-1,0)

17. 2= 2(—1,3,2) = 3(1, =2, —2) + 35,0, = 5) = (-3, 12, %)
18. z = 3(5,0, =5) — 2(1, =2, =2) + (~1,3,2) = (12,7, - 9)

19, 42 = 4(5,0, =5y — (~1,3,2) + (1, —2, =2) = (22, -5, ~24)
2= (%% -6)

20. z=w—u—2v=1(50 -5 —(=1,3,2) = 2(1, =2, =2) = (4, 1, —=3)

2L vl =178, 7 2. v = VP F O T (5P = VAT B = VB
= /40 + 64 + 49 = /162 = 9.2
2. v = V(=22 + £ = V21 24. v = JCIPF 2+ 2 = /10

25. o] = VEF (AP T P = /2T 2. W] = VP TF TR = VA1
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27.

29,

31.

33.

36.

37.

38.

39,

41.

43,

45.

47.

49,

vl = V4 + (=3)> + (=7

= /16 +9+49 =74
vr~<i—io~(’%)-—x~4> (0,3, ~5)
vl = VO + 3+ (=37 = /34
= /32 + (122 = V169 = 13

(a) 5(51 — 12Kk)
(b) ~5(5i — 12Kk)

) u (8,3, ~1)
@R~
- ,/E;Z(g”‘ +3j - k) = {?@’ 3, 1)
(b) w\}ﬁ{Si +3j — k) = -—%(8, 3, —1)
L 6u — 4v = 6{—1,3,4) — 4(5,4.5, —6) = (—6, 18,24y + {—20,

28. vl = V22 + (12 + 6 = /4l
30 v={0-02-(-1),-2-0)={(,3,-2)
vl =J1+9+4=.14
32 juf = V3 A+ (42 =V25=5
(a) (31 — 4k) = :gl - .;k
by — (31 - 4k} = “gx + 5k
u _ (=3510 1 )
34. (@) — i J”‘Z‘ -3i + 5§ + 10k)
(b) *:/7.]:3".?4:(“ 3i -+ 5§ + 10k)

—18,24) = (=26, 0, 48)

u+dv=2-1,34) + 2545 6 = (£,%2 -7)

u+v={—1734) + (545 —6) = (4,7.5 ~2)

fu + v = V& F 757 + (-2 = 3./305 ~ 8.73

v __ (545-6) (545 -6) :<‘ 2 9 -12

vl 25 + 2025 + 36 5./13/2 J13'5/13° 513

wrv=1{({4 -1 (2, -5 —8) 40, u v =
=8-20+8=—4

uwev={2,-523)-(93 ~1)

=18-15-3=0

wev —8
cos 6 = = = @ = 124.45°
fuf vl 825
wev — 120
cos 6 = = = 109.92°
TullM ~ V1700473
~3(8, =4, —10) = (— 12,6, 15) => parallel
wev=3—5+2=0 = orthogonal

> ~ (0.5547, 0.4992, —0.6656)

3(4) + (—~1)(—10) + 6(1) = 28

42, u - v=006) +3(—4) +(—6){—-2) =0

A

" Y
44. cos 8 = = =% § = 49.80°
lall vl /106
46. cos = L = = =~ 6547°
) o Ml /4 J 125
48. w-v=—2—3 5= ~—10+% 0and

u % ¢cv => neither
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50. —8u = —8(—1,4, —1) = (8, —4,8) = v = parallel

51,

53

58.

57.

55.

61.

63.

u#F v
grv=—-2—6%#0

Neither parallel nor orthogonal

urv=—4+3+1=10
Orthogonal
v=(7-53~-4-1~-1)=(2,-1,-2)

u={4-75-33-(-1)=(-324)

Since u and v are not parallel, the points are not
collinear.

vE(-1-1,2-35~2) =(-2-1,3)

Since u = —2v, the points are collinear.

The vector (1, 2, 0) joining (1, 2, 0) and (0, 0, 0} is
perpendicular to the vector (—2, 1, 0) joining
(—2,1,0) and (0, 0, O):

(1,2,0) - (=2,1,0) = =2 +2=0

The triangle is a right triangle.

The three sides of the triangle are given by the
vectors:

u= (2,4 -2)

v={(-35~4)
w={—1,1,~-2)
u-v=2734>0

u-w=10>0
veow=16>0
The triangle has three acute angles.

Acute triangle

v=02,-47 ={(q — 1,q,~ 5.q5 — 0) =>

=g — 1 g, =3
—4=g, -5y = g, =1
7 =g, g, =17

52.

54.

56.

58.

62.

=5 Terminal point is (3, 1, 7).

B F v
u-v=4#0

Neither parallel nor orthogonal

u-v=-2+3-1=0

Orthogonal
y={-4—(=2),8~T71~4)={(=2,1,~3)
u= {0~ (—4),6~-87—1)={4,-2,6)
Since u = —2v, the points are collinear.
v={(-1-0,5-46—-4y=(—-1,1,2)

u={—-2~(-1},6~57-6)=(-1,11)

Since u and v are not parallel, the points are not
collinear.

. Consider the vector {— 3, 0, 0) joining (0, 0, 0} and

{(—3,0,0) and the vector (1, 2, 3) joining (1, 2, 3)
and (0, 0, 0):

(=3,0,0)-{(1,2,3) = -3 <0
The triangle has an obtuse angle.

Obtuse triangle

Consider the vector {—3, 12, 5) joining (— 1, 5, 8)
and (2, —7, 3), and the vector (5, 1, —9) joining
(4,6, —1)and (— 1,5, 8):

(5,1, =9) - (=3,12,5) = —48 < 0
The triangle has an obtuse angle.

Obtuse triangle

© Houghton Mifflin Company. All rights reserved.
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Section 10.2

Vectors in Space

903

64.

65.

67. ¢

69.

71.

@, -1, -1y={(—6,y+4,7—-3) = (x,y,2) =(10,~5,2)

3
@ =20~ Lgs+3)

s
b
|
oo
+
S
i
.
o
|
Lo
S

leul| = V& + 42 + 92 = || V14 = 3 = : 12
el = =7 =
.3 3/14 v
o =
J14 14

v =g, 9 CI3>

Since v lies in the yz-plane, ¢, = 0. Since v makes
an angle of 45°, |q,| =|g,]|. Finally, |[v| = 4 implies
that g,2 + gi2 = 16. Thus, g, = g5 = 2/2

and v = <0, 2\/5, 2\/5>, or g, = 2-/2 and

g = —2V2and v = (0,22, —2/2).

PO, = (0, ~24, —12./21)
PO, = (123,12, —12/21)

PO, = (—123,12, —12/21)

Let F, F,, and F, be the tension on each wire. Since [[F,|| = |[F,]| =
there exists a constant ¢ such that

I,

F, = c(0, —24, —12./21)
F, = c{12./3, 12, — 12./21)
F, = c{~12./3, 12, —1221).

The total force is —30k = F; + Fz + F, => the vertical (k) component satisfies

=10 = —12./21¢c = ¢ =

\/51"

s P=(0,0, 12+/21)

Hence,

<o~?—\%)~ ~m>
/10 10
¥e = \7 7““ : >

\ A 1
3 T

\

e = EiF»EE

EFaf ~ 10.91 pounds.

J6

V6 = ¢c=+./6

70. v lies in xz-plane => y = 0.
v = 10{sin 60°, 0, cos 60°%) = <5~,/§, 0, 5>, or
v = 10(—sin 60°, 0, cos 60°) = {~5./3,0, 5)

il

0, =(0,-24,0)
0, = (208, 12, 0)
0, = (=208, 12,0)
P = (0,0, 55)

68. flc ol = |e| Jull = |e| /4 +4+16 = |c| V24 = 12
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72. AB = (0,70, 115), F, = C,(0, 70, 115)
AC = (—60,0, 115), F, = C,(~ 60,0, 115)
AD = (45, —65,115), F, = C,(45, =65, 115)
F, + F, + F, = (0,0, — 500). Thus

-60C, + 45C, = 0
70C, - 65C, = 0
115C, + 115C, + 115C, = —500.
Solving this system yields C, = :_ég@ﬁ, C, = :-2%-%, C, = ‘;6%%
Thus,
IF |l = 202919 N
[F,| = 157.909 N
[P, = 226,521 N.
73. Troe.cos § = 0 =» 6= 90° 74. True
75. (a) 4 (b) w=au + bv =a(l,1,0) + 50,1, 1)
31; 0= (g a+bb)y=a=hbh=0
Ny W% e @ w=(1,2,3) = a(1,1,0) + b(0, 1, 1)
/’/\g:x S
;{2 2T, 2=a+b
x = b
© w=1(1,2,1)=a(l,1,0) + b0, 1, 1) Impossible
1=ua
2=a+b
1=5b

Hence,a = b = 1.

76. This set is a sphere. 77. Ifu - v < 0, then cos § < 0 and the angle between
u and v is obtuse, 180 > 8 > 90°.

=x)+ -yl +Ge-z)=16
78, Letv = (v, vy, vy) and u = (i, uy, uy).
Then tv = (tv,, v,, tvy),

w + v = (uy F vy, uy T v, uy + fvg), and

s+ vo= (suy + vy, s, vy, sy o fvs).

The endpoints of these three vectors are collinear, as indicated in the figure.
So, the figure is a line.
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Section 10.3  The Cross Product of Two Vectors

905

81. (a) x

7%, (a) x =t 80, (a)xxt,y:%
y =3t +2 )
M) x=1—1 (b)xﬂtmi,y:m
y=3¢-1)+2=3~—1
=t : 82. (a) x =1ty =4
y=12—8 b)) x=1t—1,y=4@~ 1)
My x=1r—1

y=@-12-8=t*—-2t~17

Section 10.3 The Cross Product of Two Vectors

The cross product of two vectors u = ui + uj + usk and v = vii + v,j + v,k is given by

uxv=(u, — us i = (vs — ugv)j + (uv, — uy )k

i i k
= lu,  uy U
Vi Vo V3

The cross product satisfies the following algebraic properties.

(a) u x v=—(vxu)

M) ux(v+w=@xv)+ @xw)

() clux v) = (cu) x v=ux(cv)

(Huxd=0xu=0

feyuxu=90

flas(vxw) =@xv) w

The following geometric properties of the cross product are valid, where @ is the angle between
the vectors u and v:

(a) u x v is orthogonal to both u and v.
(b) fju x v = [jull [[v]| sin 6
(¢) u x v = 0 if and only if u and v are scalar multiples.
(d) Jlu % v|| is the area of the parallelogram having u and v as sides.
The absolute value of the triple scalar product is the volume of the parallelepiped having
u, v, and w as sides.
Uy Hy Uy
welvxw =|v, Vv, V3
W, W, W

Vocabulary Check
1. cross product 2.0

3. |ull ¥ sin 6 4. triple scalar product
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i
Ljxi=[0 1
10

72

P Al
i i k i j k
3.ix k=1 0 O = —j 4, kxi=10 0 1=}
6 0 t !1 6 0
2
e 1 -

i
S5 uxv=|1 -1
0 1

i

6. uxv=|—1

1
i
T.auxv=13 —2
0 -1
{ax vy u={(3,
(uxv) v={(3
i
8. uxv=12 =3
|

i

9, uxv=|—10

| 7
{uxv)-ua= 0,

{u xv) - v=1{0,

0l =i+j+k= (11
~1

1 Ol=-i-j—k=(-1,-1,-1)
0 -1

Kk
5| =(3,-3,-3)
i

~3,-3)-(3,-2,5) =0
-3,-3)-(0,—-1,1) =0

k|
1{=~i~j~k::(~l,—-l,w~‘i)
1

i k i j k
0 6| =1(042,0)
0 0 2 2 3

42,0y - (—10,0,6) = 0
42,0y - (7,0,0) =0

1. uxv=-5 5 11 = {(~7,37, —20)
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Section 10.3

The Cross Product of Two Vectors

i1.

2.

13.

5.

17.

19,

20.

21.

23.

25.

XV

8oV

XYV =

il

uxv

i

uxXv

0HXVvV=

i

0 XV

B XV =

Xy =

uXxXv=

=)}
W D Gomie

i

e FE o me
FNOSE R

i
2 4
3

g Gt

[an R SN

tab— N e
|
Ly

e

|

Falr p2iLA

-2

3
1

=(~17,13,16)

= —7i + 13j + 16k

3 3. 3

=(-3-3-3) =-3i-3i 3k
k
3| = —17i + j + 10k 4. uxv=
k
1| =-Zi— 16. u x v =
}I
k
6] = (—18, —6,0) 18, uxv=
1

= —18i — 6
k

1|=(-1,-2,—-1)

it

-2~k

1x<10,~z,—4> 2. uxv=
k
4] = —6i — 15 — 6k 24, u x v =
..1;
i
= (—-0.25,-0.7,-2) 26, u X V=

L R

k
2 =0-2i-(1-0j+(-1-0k=-2-j—k
1

k

= -5 -8~k
11 19. 1

= —551 — 553 T 3k

2 + 2k

179

6| = (—44, —34, 18)

7

3 =i+5j+k

,4i

o

)
il

B e

i+ 35+ 8k
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i M k i J k
27, mxvo=|1 2 31 =1(9,6,-7) 28, uxwv=,2 -1 31 =42,7,1)
2 —3 0 1 0 -2
fla x vl = /166 ux vl = /54 = 3.6
. V166 . 1 L _ /6
ctor: - .6, 7 ctor: —=(2,7,1) = 22
Unit vector T56 (9,6 ) Unit vector NG 2,7, 1) T (2,7, 1)
ik ik
29. uxv=|3 1 0|=i-3j+3k 30 uxv=[l 2 0 =-6i+3-2
0 1 10 =3
e x v = /19 luxv]=/36+9+4=7
w XV 1 . uxv 6, 3, 2
it v =l = e — 3 : Unit = = ——f 4 2 — Sk
Unit vector Tax vl \/@(x 3j + 3k) nit vector Ta x V] P
V19
B k )
P 71115 .
31.u><vm£~3 2 =5 = 0 s5°a 32, uxv:§7 —14 50 = T70i + 175j + 392k
1 301
DR R 14 28 —15
Consider the parallel vector (—71, —44, 25) = w. la x v|| = /70% + 1752 + 3922
[wl = V712 + 44> + 252 = /7602 = /189,189 = 21./429
Uni L (71, —44,25) Unit vector = —— (70,175, 392)
: o o e o ] it v OF = = o s Al
Jnit vector = s (71, ~44.25) Vetor = x| ~ 21249 /
J7602 1 o oo
- (=71, —44,25 = ———(10, 25, 56
7602 1 A2 37429 /
429
= -{10, 25,
1287 < 367
i j K| 25 i kK
3Bouxv=|1 1 -1 =22 M. uxv=|l -2 = 6i + 6f + 3k
i1 1 lz -1 -2
ux v =22 o x vl = /36 +36 +9 =09
. 0K | . ) wuwi}__ . .
Unit vector = W‘T;‘:ﬁ = Z/*zr{h - 23 Unit vector = o] 9(6; + 6§ + 3k)
1 1
N NP b
NN 3373
\«’6. \/a.
B
i j K i k;
3. uxv=0 0 lgzj 36, uxv =1 2 2%:2i+3-2k
oo 1 h o 1
Area = |Ju x v| = |[jl| = 1 square unit Area = llu x v| = [2i + j — 2k|
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© Houghton Mifflin Company. All rights reserved.

Area = Hu x v = 3/(—6)7 + 6% + 18
= %\/ 396 = 3./11 square units

Section 10.3  The Cross Product of Two Vectors 909
i i k i i k
3. uxv=13 4 6 =260—3j—1lk B, uxv= -2 3 21 = (8,10, —~7)
2 -1 5 1 2 4
Area = lu x v|| = V262 + (=3)* + (—11) Area = fju x vl = /8 + 102 + (=7)*
= /806 square units = /213 square units
i j k i j k
39, uxv= 2 2 =3 =(12,-6,4) 40, uxv=14 -3 2 =(~3,6,15)
o 2 3 5 0 1
Area = [lu x v|| = V122 + (=6)* + 4* Area = ju x vl = V(=3)? + 62 + 157
= 14 square units = /270 = 3./30 square units
i i k
oS . 3 P
41. @) AB=(3 - 2,1 - (-1),2—-4) ={1,2,~2) (by AB x AD = | 1 2 =2 =(16,2,10)
is parallel to -3 4 4E
BC = (0 — (—1),5 - 3,6 —8) = (1,2, ~2). Area = ||AB x AD||
AD = (—3, 4, 4) is parallel to BC = (—3,4,4). = J162 F+ 22 + 107
(©) AB - AD = (1,2, —2) - {(—3,4,4) = /360 = 6/10 square units
# ( => not a rectangle
J—
42, (a) AB = (1,2,3)
TD =(1,2,3)
Opposites are parallel and same length. Thus, ABCD form a parallelogram.
(b) AB x AC = |1 2 3 =(-10,14, —6)
5 4 1
Area = JAB x ACll = V(102 + 142 + (-6)* = 2./83 square units
(¢} AB -AC =5+ 8 + 3 = 16 # 0 => not a rectangle
43. u=(1,2,3),v=1(-300 4. u=2-1,0-(-4,2-3)=(L4-D
i i k v=(=2-12-(-4),0-3)=(=3,6-3)
axv=]| 1 2 31 =(0,-9,6) ; ik
30 a0 uxv=| 1 4 —1=(-6618)
Area = iu x v = +/BT + 36 = 513 -3 6 -3
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45. 0= (-2-2,-2-3,0~(~5)) = (~4,~5,5)
v=03-20~-3,6—(=5)=(1,~-3,11)

47.

49.

50.

51.

52.

53.

54.

46. u = (=2 —2,—4 — 4,0 — 0) = (—4, —8,0)
v={(0—-2,0—-4,4-0) = (=2 —4,4)

i j k i § Kk
uxv=|—4 -5 5 =(—40,49,17) uxv=|-4 -8 0= (-3216,0)
1 -3 11 -2 -4 4
Area = 3w x v = 5/(=40) + 497 + 172 Area = gu x v|| = 3V/(=32P + 167
m‘% 47290 square units ::%ﬁii{’d: 8+/5 sq. units
2 3 3 12 i
u-{vxw =14 4 0 . u-(vxwy=1[0 3 0 =6
0 0 4 0 0 1
= 2(16) — 3(16) + 3(0) = — 16
2 3 I
we{vxw =11 —1 Ol=2(-1) -3+ (=2
4 3 1
1 4 -7
u-(vxw =2 0 4 =10+12) -412-0) ~7(-6) =6
0 -3 6
1 1 0
v (vxw =0 1 IHl=1+1=2
1 0 1
Volume = |u - (v x w)| = 2 cubic units
B! 1 3
u-(wxw =0 3 3 =109) —1(=9) + 3(-9) = —9
3 0 3
Volume = |u - (v x w)| = |=9] = 9 cubic units
0 2 2
u (v xw =0 0 —2|=0-2(6)+20) =12
3 0 2
Volume = |u * (v x w)| = 12 cubic units
i 2 -1
e (vxw =l-1 2 2/=102)=2~1-4)—10—4) =16
2 0 1

Volume = |u - (v x w)| = 16 cubic units
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Section 10.3  The Cross Product of Two Vectors 911

55. u={4,0,0), v={(0,-23), w=(0,53) 56. AB = (1,1,00,AC = (1,0.2),4D = (0, 1, 1)
4 0 O 11 oi
u-(vxw) =10 ~2 3| =4(-21)= -84 u-(vxw =1 0 2/=1=2)-11)=-3
0o 5 3 0 1 1]
Volume = |—84| = 84 cubic units Volume = 3 cubic units
i j k .
57. VxF=10 ~~%cos 40° ~%Sin 40°) = (E cos 40°)i
2
0 0 -p
(@ T(p) =V F|| = ‘g—cos 40°

® [ ,T1s J20 [25 [30 |35 |40 |45
T 1575 | 7.66 | 958 | 11.49 | 13.41 | 1532 | 17.24

58. PO = 0.16k
i j Kk
PO xF = |0 0 0.16 | = 160-/3i

0 —1000/3 —1000|
[PO x F|| = 160/3 ft-Ib

59. True. The cross product is defined for vectors in 60, False.u x v = —(v x u)
three-dimensional space.

61. If u and v are orthogonal, then sin 6 = 1 and hence, u x v|| = [ul [[v[ sin 6 = | {[v]l-

i i k
ux v, vy vy =wx [(vws — w)i — (vywy — wivg)j F (v,w, — wv k]
W, W, W
i f k
Uy U i3
VoW T WpV3 o WiV3 T VW3 Vi, T W,

I

62. ux (vxw)

s

= [uy(vyw, = wivy) = uz(wyvy = viwai
— [uy(vywy = wivy) = us(vws — wyvs)]j + [ (wyvs — viws) — iy(vws — wyvy )k
= [uywyy, + uswyvy — v, Wy — avaw, i
— [—uywyvy = Uuswyvy + wvwy + uzvawy 1§+ [wywivs + ugwovy = wvyws — oWy 1K
= (uyw, + upwy + ugwy) (Vi + vy § + vik) — (v + gy, uv)wii + wyj + wik)
= (uw, + ugwy + ugwav — () T uyv, + uzvw

=(u-wyv— (a-vw
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i j k
63. vxw=|v, v, vy = (vws— wdi — (vwy — wvy)j + (viw, — vk
R
Hence,
v (vxw) = u(vws — wovy) = w,(viwy — wvy) + ug(vw, = vow)
E”i Uy U
=y v, vyl
Wy Wo W’3
i j kf y
64. u x v = cosa sina O] ={cosa sin B — sina cos Bk
cos B sinfB 05 of
, . . \oa-p
Area of triangle formed by the unit vectors u and v is . |
L(base)(height) = (1) sin(a — B). oy
The area is also given by 3ju x v|| = 3|cos @ sin B8 — sin a cos B ! x

Notice that cos « sin B — sin o cos 3 is negative.

Thus, sin{a — ) = sin o cos § — cos asin B.

65. cos 480° = cos 120° = —% 66. tan 300° = — /3 67. sin 690° = sin 330° = —3

J3 197 (77;) 1 177 5 V3
. cos 930° = 10° = —— . sin = = gin| — | = —— . —— OO T T
68. cos 930 cos 210 5 69. sin 6 sinl P > 76, cos 5 cos 6 5
5o o 107 4w
71. tan 7" tan e 1 72. tan -—w—3 = tan 3 = J3

Section 10.4  Lines and Planes in Space

B The parametric equations of the line in space parallel to the vector {a, b, ¢) and passing through the point
(xys 2, 73) are
x=ux; +at, y=y +bt, z=2z +ct
B The standard equation of the plane in space containing the point (x,, v,, z;) and having normal vector
(a,b,c)is
alx —x) + bly =y} +clz—2z) =0
B You should be able to find the angle between two planes by calculating the angle between their
normal vectors. v
@ You should be able to sketch a plane in space.
B The distance between a point ¢ and a plane having normal n is
. PO
D = |proj, PO EE - fiﬂik

where P is a point in the plane.
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Section 10.4  Lines and Planes in Space 913

Vocabulary Check
.. PO . . : : .
1. direction, *;Q? 2. parametric equations 3. symmetric equations
4. normal 5. ax —x) + by —y) +telz—2)=0
lx=x +at=0+1¢ 2.x=x tar=3+3
y=y, +bt=0+2¢t y=y, +bht=-5-T¢
z=2z tect=0+3 =z, =110t
(a) Parametric equations: x = £,y = 2t,z = 3¢ (a) Parametric equations:
(b) Symmetric equations: i;» . % - % x=3+3ty=-5-T,z=1~- 10
- . . x—3 y+5 z-1
(b) Symmetric equations: 5 T T o
. 1 ‘ 4
3x=x +'atz-4+}:t, y=y +bt=1 +§t, g=z +ct=0~—1
. . 1 4
(a) Parametric equations: x = —4 + Ez, y =1+ gz, z= -t
Equivalently: x = —4 + 3,y =1 + 8,z = -6t
x+4 y-—1 Z
b) Symmetric equations: ——— = T =
(b) Symmetric equations 3 3 "
4 x=x, vtat=5+4 5. x=x; +ar=2+12
y=y, +bt=0-+ 0t y=y, +bt=-3-731
7=z, +ct =10+ 3¢ z=z, tet=5+1
(a) Parametric equations: (a) Parametric equations:
x=5"+4t,y=0,z=10+ 3¢ x=2+2y=-3-3z=35+¢
x=5 z—10 x=2_y+3
b . , — G 5 - " g et LA -4
(b) 7 5 Y (b) Symmetric equations 5 = 75
Not possible
6. v={3,-2,1) 7. v={(1-24-0,-3—-2)=(—1,4,-5)
@x=1+3y=-2t,z=1+1 Point: (2,0,2)
-1 -1 =2—t,y=4t,7=2—
(b) Symmetric equations: z 3~ :XE = E—-;-" (@) x hy =4z ot
AONE S IO et
-1 4 -5
8 v=1(87512) 9, v={1-(=3),-2-8,16—15) = (4,-10, 1)
Point: (2,3,0) Point: (—3, 8, 15)
(a) Parametric equations: (a) x=—3+4dr,y=8 - 10r,z=15+1¢

x=2+8,y=3++52=12

x+3 y—8 z-15
x=2 y—3 z ® =" "1

(by Symmetric equations: s =5 BT
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10, v={1-2,-5-33+1)={(~1,-8,4)
Point: (2,3, — 1)
(a) x=2—t,y=3—8,z=—1+4s

x—2 y—3 z+]1
-1 -8 4

(b)

12.v=02-2,1+1,~-3~5)=(0,2,—8)
Point: (2, —1,5)
(a) x=2,y=~1-+2t,z7=5— 8¢

y+til_z=5 _
(b) 5 3 X 2
Not possible

3 3 S
14. v = <3 - (“2), -5 - 2,—4 2>- <2,

Point: (3, —5, —4)

L.v=(-1-31-1,5-2)=(-4,0,3)
Point: (3,1,2)
(ay x=3—4t,y=1,z=2 -+ 3¢
x=3 z-2

Not possible
S | 1 3 5
13. v~<1 +5 7520 2>~ {2;,-2,—~
or {3, -5, —1)
(1. r
Pmm,( > 2,2)

1 I
R e f, = Z B [’ pomE e
(a) x 5 3ty 5t z > t

Dk frmes

y—2 z-—7

-5 -1

x -+
®) =3

-, —6>, or (9, —13, —12)

(a) Parametric equations: x = 3 + 9,y = —5 — 13,z = ~4 — 12t

x—3 y+5 z+4

(b) Symmetric eguations: 5 BT

15,

17. alx — x;) + by —y,) + clz ~2) =0
x—2)+0y -1 +0z—-2)=0
x—=2=0

19. -2 -5+ Wy —6)—2(z - 3) =0
24y -22+10=0

2on=(-1-21) =
—x-2) -2y -0+ 1z—-0)=0
k= 2yt z+2=0

18. alx — xy) + by — y) + ez —z5) = 0
x— D +0y-0+1z+3)=0
z+3=0

20. 0x —0) =3y —-0)+5:z—-0)=0
-3y +52=0

2. n=(-11,-2)
—x =0+ 1{y—0) —2(z - 6) =0
~x+y-2+12=0

© Houghton Mifflin Company. All rights reserved.
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23,

25,

27.

29.

31,

u={(1-0,2-03-0)=(1,23)
v=(-2-0,3-0,3-0=(-233)

i i k
n=axv=,] 1 2 3l =(-=3,-9,7)
-2 3 3

—3x—0—9%y—-0)+7z—0)=0
—3x =9y +T7z=0
3x 4+ 9y — Tz =

g = {3 —-2.4-324+2y=(1,1,4)
v={(1 -2 -1 —~ 3.0+ 2y=(-1,-472)
i i k
0= X V= 1 1
-1 -4 2

18(x —2) — 6(y = 3) = 3(z+2)=0
18 — 6y — 3z~ 24 =0
6x—2y—z—-8=0

n=j 0x—-2)+1(y—-5 +0z—-3)=0
y—5=0

(0= (=1),2 = (=2),4 - 0) =(1,4,4) and
{1, 0, 0) are parallel to the plane.

i § Kk
n=11 4 4] =104 -4)
1 0 0

Ox —0)+4(y —2) — 4z~ 4 =0
4y — 4z +8 =10
y—z+2=0

(=1 =2,1=-2,-1—1)=(-3,—-1,—2)and

(2, —3, 1} are parallel to plane.
i j ok

n=|-3 -1 -2[=(-7-1,11)
2 -3 i

“Ix—2) = 1y—-2)+11z—1) =0
~Tx—y+1lz+5=0

4| = (18, —6, —3)

Section 10.4  Lines and Planes in Space
24, u=(2,-6,2),v=1(-3-30
i i k
u X v= 2 -6 2 :<6§m6’w24>
-3 -3 0
n=(—1,1,4)

26.

28.

30.

Plane: —1{x —4)+ 1y + 1)+ 4z~ 3)=0
~x+y+dz—7T=0

u=(4,072),v={(12-5)

i j Kk
uxv=4 0 2| = (—4,22,8)
i 2 =5
n={(-211,4)

Plane: —2(x —~ 1)+ 1l{y + 1) +4(z—2)=0

—2x+ lly+dz+5=0

n = (1, 0,0), normal to yz-plane
x—1)+0y—-2+0z—-3)=0
x—1=0

(4—1,0-(-2),-1~4)y =32 ~-5)and
{0, 1, 0) are parallel to the plane.

ik
o 1 0

56— 1)+ 0y +2) +3(z—4)=0
Sx+3z—-17=0

(1= (=1),2 = (=1),0 = 2) = (2,3, —2) and

{2, —3, 1) are parallel to the plane.

i ok
n=2 3 —2/=(=3-6-12)
2 -3 1

“3x—-1)—-6(y—2) - 120z=0)=0
~3x — 6y — 12z +15=0
x+2y+4dz~5=0
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33. v=1{(0,0,1)and P = (2,3,4) 34. v=(0,1,0)and P = (—4,5,2) 35. v=(3,2,~1)and P = (2,3,4)

x =2 x = —4 x =2+ 3¢
y =3 y=5+1 y=3+2
z=4+7 z=2 z7=4—1t
36, v=(—1,2,1)and 37, v=(2,~1,3)and 38. v = (5 —1,0) and
P=1(—-4,572) P={5 -3 -4 P={(-1,4 -3
x = —4 — ¢ x=5+2 x= -1+ 5
y=35-+2 y=-3—t y=4-—1
z7=2+7t 7= —4 + 3¢ z=—3
39. v={(—1,1,1)and P = (2, 1,2) 40. v = (—2,2,0)and P = (—6, 0, 8)
x =72 —t x = —6 - 2t
z=2+¢ z=8
41. n, = (5,-3,1),n, = (1,4,7) 42. n, = (3,1, —4),n, = (~9, =3, 12)
n, - n, =5 — 12 + 7 = 0; orthogonal 3n, = (9,3, —12) = —n, => parallel planes
43. n, = (2,0, —1),n, = (4,1,8) 44.n, = (1, -5 —1)
B, - m, = § — & = 0; orthogonal n, = (5, —25, —5) = Sp, => parallel

45. (a) m, = (3, —4, 5}, m, = (1, 1, — 1); normal vectors to planes

cos 6 = n, - m| = 6| -0 = 6= 60.67°
(e, ] s J30/3 /150
(b) 3x —4y +52=6 Equation 1
xty—z=12 Equation 2

{—3) times Equation 2 added to Equation I gives

=Ty + 8z =0
_8
y 7%

. 8 I
Substituting back into Equation 2, x =2 —y +z = 2 — 72 +z=12- 7%

Letting r = z/7, we obtain x = 2 — f,y = 8,z = 71
46. (a) m, = (1, -3, 1),n, = (2,0,5)
In, - n,| _ |7] __7
bl gl V1129 /319

—CONTINUED—

cos 8 = = § = 66.93°
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46, —CONTINUED—

(b) 2x+ 52+ 3=0 > x = =57~ 3)

2
Thenfi‘»"ﬁr+~’*2$}-{~*57~-~3}4~ +2”—§—"+-}w::> ‘:—lz»ﬁwi
y = <7 5 < Tz 24, 5 y Ty
Let z = 7. Parametric equations: x = ~—-5¥s R ~}~t + tz= !
7 =1 e q STy et
. . 3 I
Or equivalently, let z = 2t and you obtain x = =5t=gy= "L+ i 2t.

47. (@ n, = (1,1, - 1),n, = (2, -5~ 1%; normal vectors to planes
o - my| |—2|
oyl ~ V330 NES

() x+y—z=0 Equationl

7

cos 8 = = == 77.83°

2x — 5y —z=1 Equation 2

(—2) times Equation | added to Equation 2 gives

~Ty + 7 =1
oz 1
.y 7 N
-1 6z
Substituting back into Equation 1, x =z — y = 2 — Z~~~:7*w* = et % }7 6z + 1).
o + 1 t— 1 .
Letting z = £, x = 657 Y= . Equivalently, lety = t,z =7t + l and x = br + 1.

48. The planes are parallel because n; = (2,4, — 2) is a multiple of m, = (—3, —6, 3). The planes do not intersect.

49. x +2y +32=6 50. 2x —y+4z=4 51 x+2y=4

54. x —3z=26
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PO -
55, D = L—-%Tﬂ 56. P =(4,0,0) onplane, 0= (3,2, 1), n = {1, — 1, 2)
n
PO =(-1,2,1
P = (1,0, 0) on plane, 0 = (0,0, 0), ¢ Ll’ D e
— |{PQ - n| |—1] 1 6
n=(8 —41),P0 = (—1,0,0 p=1f2 m_ _ L _v6
S D Pe = EL00 W - Ve 6 6
D= [{(=1,0,0) - (8, —4,1)| _ |-8| _8
V64 +16 + 1 J81 9
PO -
57. D = t %ﬂn ul %8. P = (6,0,0) onplane, @ = (— 1, 2, 5),

59,

60.

PO =(-7,2,5)n=(2,31)

P = (2,0,0) on plane, 0 = (4, =2, —2), N
PO -n] |-3] 3 3/i4

n=(2-1,1),P0 = (2, -2, —2) D= = =2
pole-2-2 -1 4 26
- J6 J6 3

The normal vector to plane containing (0, 0, 0), (2, 2, 12) and (10, 0, 0) is obtained as follows.
v, = (2,2,12), v, = (10,0, 0)

i i k

vixv,=12 2 12| =0, 120,—20)
ix,o 0 0

n1 = <09 67 m1>

The normal vector to the plane containing (0, 0, 0), (2, 2, 12) and (0, 10, 0) is obtained as follows.
u, = (2,2, 12),u, = (0, 10, 0)

ik
u, xu, = |2 2 12 = (—120,0,20)
0 10 0
n, = (—6,0,1)

The angle 8 between two adjacent sides is given by

l“l'“zgw -1 1

il ~ v37v3 31 07 88.45°.

cos 8 =

The plane containing P(6, 0, 0), S(0, 0, 0), T7(— 1, ~ 1, 8) has normal vector

i j k
6,0,0) x (~1,-1,8) = 6 1] 0l = (0, —48, =6)ormn, = (0,8, 1).
-1 =1 8
The plane containing P(6, 0, 0), (6, 6, 0), and R(7, 7, 8) has normal vector
i j K
{0,-6,0) x(1,1,8) =10 —6 0] = (~48,0,6),0rmn, = (—8,0,1).
1 1 8

The angle between two adjacent sides is given by

Cmyomy| 1 _ b  eb 140
s O=1nlln =~ Vesves &5 o 0TI

© Houghton Mifflin Company. All rights reserved.



© Houghton Mifflin Company. All rights reserved.

Review Exercises for Chapter 10

919

61. False. They might be skew lines, such as: 62. True

Li:x=ty=0,2z=0(xaxis)

and Lyx =0,y =tz=1
63. The lines are parallel: M%(l(}, ~18,20) = (—15,27, —30)

64. (a) Sphere: (x —4)2 + (y+ 12 +(z— 1)* =4

(b) Two planes parallel to given plane. Let @ = (, , z) be a point on one of these planes, and pick P = 0,0,10)

on the given plane. By the distance formula,

[P0 -n| _[Gryz=10)- ¢4 =3 D)

il V26
+2/26 = 4x — 3y + 7 — 10

dr = 3y +z=10 = 2./26 (Two planes parallel to given plane)

65. X2+ y2 = 10> = 100

67. r = 3cos 8, 2 =3rcos 8, x*+ y* = 3x

=2/ TP =+l = 42+ y) =+ 2+ = Ay =2+ ]

4

70. x> +y* —4x =40
72— drcos 6 =0

b

r—4cosf=0 = r=4cosé

x—y+1=0

68,rﬂ—--1 ::>2rwrcos€9=1:>2\/x§w+yzmx~“~“1
2~ cos @
69, 2 = 49
ro=1
71. y =35 ‘ 72.
rsin =35
r= S5c¢csc@

Review Exercises for Chapter 10

1. (a) and (b) : 2.

T a0
9 .

(&3 -

~5 -4 -2 /1 203

® ",/
G, -4 4
i A A 2
-
z -3

X
etk
-84

e

%

- W 8

{2 cos 8 — sin 9)

2rcos @ — rsin § = —1

-1
1

sin @ — 2cos @

66.@532{117} m@;:w}:;:;ﬁ yﬂ“‘x{ﬁﬂe)
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3. (—5,4,0) 4. y-axis => x=2z=0
(0,-7,0)
5.d=/(5-47+@2-0P+(1~-7)7 6.d=J2-(-1)P+03~-(-3)+(—-4-07?
= J1+4+36 =9+ 36 + 16
= J41 = /61
7.d,=VB-02+ (—2-3P+(0-2P=J/9+25+4=138

11

13.

17.

18.

dy=JO0-02+(B-32+(-3-2P=V4+25=29
di=JO =32+ (B - (2P +(-3-0F=/9+49+9 =67
d?+ d,? =38 + 29 = 67 = dy?

d=JE -0 +(3-07+2-42=J16+9+4=129
- JSE A+ G320 =V4+9=13
dy=JE -0 +(B-0P+(5-4ar=J16+25+1=/42
d? +d2 =d? =42

S
f

(= + )+ (P -6y +9) +22=-4+4+9
=22+ (y—=3pP+22=9

Center: (2,3,0)

Radius: 3

(22— 10x+25)+ (> +6y+9)+ (2 ~4z+4)=-34+25+9+4
(x =52+ (y+3P2+(z—-2)2=4

Center: (5, —3,2)

Radius: 2

. .‘~2+23~52+(ﬂz))m 3 ‘ .“(7+11~—1w4+2)__
. Midpomt.( R 5 =(0,~1,0)  10. Midpoint: ST T, = (4,0, —1)
. .,{10~86~—2~~12~~6>w ‘ .'<~—S~-7m3m91m5)“
Mldp()m‘{,\ Ty 5 = (1,2, —9) 12. Midpoint: T T TS = (~6, —6, —2)
=22+ (y =3P+ @—-57=1 4. (x =32+ (y+ 2>+ (z—4) =16
. Radius: 6 16. Radius = 2
x=12+(y—5F+(—27=36 X2+ (y— 4P+ 12 =2

© Houghton Mifflin Company. All rights reserved.



© Houghton Mifflin Company. Al rights reserved.

Review Exercises for Chapter 10 921

19. (a) xz-trace (y = O): x2 + 72 =17, circle

20. (a) xy-trace (z = 0): (x + 2)> + (y — 1)> = 9, circle

2@ v=3G-2,3—(=1),0-4)=(1,4,-4)
) [V = VIZ+ 4+ (47 = /33

(¢) Unit vector: %«?u, 4, —4)

23. (@) v={(-3-7,2-(-4),10-3) =(~10,6.7)
®) Ml = V(107 + 6 + 77 = V185

V185

{¢) Unit vector: VI 35

{(~10,6,7)

il

25. u-v=—1(0) + 4~—6) +3(5) = -9

27 u-v=201)-10) + 1(~=1) =1

-
i

2 gn_wu'v__wwz-"}@«
™ T N N A
g = 90°

The vectors are orthogonal.

31. Since u < v = 0, the angle is 90°,

(b) yz-trace (x = 0): (y — 3)* + 22 = 16, circle

(b) yztrace (x = 0): 4+ (y — 1)+ 22 =9

22.

24.

26.

28.

30.

32.

(y = 1)2 + 22 = 5, circle

I
/r b

ek

L 3 =
I e

@ v= (322~ (1.3 -2 = (=5,31)
M) vl = V=57 + 32 + 12 = /35

{¢) Unit vector: —\gé(*ﬂi, 3, 1)

(@ v={_(-0,-8-36-(=1))=(-117)

®) v = Y+ (117 + 72 = /195
L 195,
(¢) Unit vector: 795 (5, =11, 7)

w-v=8(2) — 4(5) +2(2) = 0
u-v=21)+1(-3)—-22) = -5

u-v

€08 0= Tl ~

6 = 180°

~20-5-45 =70
J/350./14 70

-1

The vectors are parallel.

gty _12+5-2
Cos U = =
(VAT IVER
15

= = =~ 47.61°
1145
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3B.ou-v="7=1)+(-2)@) +3(5) =0 34, —du = —4(—4,3,—6) = (16, —12,24) = v
Orthogonal Parallel
35. Since —%(39, —12,21) = (—26, 8, — 14), the 36. u-v=2(85 -8 (2413
vectors are parallel. - 164+20~4=0
Orthogonal
37. First two points: u = (~3,4, 1) 38. First two points: (—1, 5, 4)
Last two points: v = (0, —2, 6} Last two points: (2, —10, —8)
Since u # cv, the points are not collinear. Since, (2, —10, —8) = —2(~1, 5, 4), the three
points are collinear.
39. First two points: (4, —2, —10) 40. First two points: (3, —1, ~2)
First and third points: (2, —1, —5) Last two points: (3, 11, —2)
Since (4, —2, —10) = 2(2, —1, —5), the three Since (3, — 1, —2) # ¢(3, 11, —2), the three points
points are collinear. are not collinear.

41.

Let a, b, and ¢ be the three force vectors determined by A(0, 10, 10), B(—4, — 6, 10), and C(4, —6, 10).

= L0 fp L L)
b:uwwgm w22 )

/38 /38 /38
e v
J152 V38" /38" /38

Must have a + b + ¢ = 300k. Thus,

—2 2
s Pl + gl =0

Ll — 3 il — =]l =
kel -7 Ibll = —5z Il =0

5

V/ziiaﬂ 7-“‘“§ bl + \/~NCH = 300.

From the first equation, [b] = |l¢|. From the second equation, ”}iﬁaﬂ - -%.é;gbg;.

From the third equation, f{{aii = 300 - \}%E{b&[. Thus,

=300 - Sl = bl = 300 and o] = el = 2% < 115
Finally, ||| = \/E(\%gx?sfg) 2252f 159.10.

©® Houghton Mifflin Company. All rights reserved.
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42. Let a, b, ¢ be the three force vectors determined by A(0, 10, 10), B(—4, 6, 10), and C{4,

43,

© Houghton Mifflin Company. All rights reserved.

45.

47.

(0, 10, 10) RS
~Ja n«—-7~ {0, 5. f>

- TS0y 2 5 )
¢ = [l (4, =6, 10} e E§< ~ >
/152 V38 \/38 V38
We must have a + b + ¢ = 200k. Thus,
flé I+ \/»—HCE?
i : 3 3 B
:“/géia!! - ﬁgﬁibii - ‘“ﬁ»‘gf&d[ =0

slall + bl + —lel = 200

Solving this system, [laf] = 106.1, ||b|
i J K|

uxv=|—2 8 21 =(~10,0, —10)
1 -1

i Kk
uxv=]-3 2 —5| = (=71, —44,25)

10 —15 2

u x v|| = /7602

Unit vector: - 71, —44, 25
! ‘/760 = )

-6, 10).

= |/l = 77.1. Thus, the tensions are 106.1, 77.1 and 77.1 pounds.

i j k
4. uxv=|10 15 5| =525 —105)
5 -3 0

i J k
uxv=|0 0 4l =4j = unitvector: j = (0,1,0)
1 a0 12

First two points: (3, 2, 3)
Last two points: (3, 2, 3)
First and third points: (—2, 2, 0)

i j k
3 2 3| =(—6,-6,10)
-2 2 0
Area = [[(—6, —6, 10|
= /36 + 36 + 100
= /172

= 2./43 square units

48. u = (1,0,1),v = (1,0,1),
Opposite sides parallel and equal length
Adjacent sides: u = (1,0, 1), w = (0,2, 0y

i i k
uxw= 1 0 1 =1(-2,0,2)
6 2 0

JE+4=2/2 square units

Area = Ju x wj| =
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49. The parallelogram is determined by the three 50. u = (2,0.0),v = (0,4,0),w = (0,0, 6)
vectors with initial point (0, 0, 0). ) 0 0
u=(3,0,0),v=1(2,05),w=(051) u-(vxw) =0 4 0 =48

3 0 0 0 0 6
u-(vxw =12 0 5 =-75 Volume = |u * (v x w)| = 48 cubic units
0 5 1
Volume = |~75| = 75 cubic units
8. v=14(9— 3,11 — 0,6 — 2) = (6,11, 4) 52. v=1(9,6,2)
Point: (3,0,2) Point: (—1,4,3)
(a)y x=3+6t y=11t, z=2 + 4 (@) x=~1+9, y=4+061 z=3+ 2t
x=3 v _z—2 x+1 y—4 z-3
® = =113 ® == =775 2
83, v={3+1,6—-3—1—5) = (4,3, ~6), point: {(~1,3,5)
(a) Paramefric equations: x = —1 + 4,y =3 + 31, z2=5 — 61
. . x+1 y—-3 z-3
(b) Symmetric equations: 7T 3 3
54. (a) v = {520, -3) 55, Use 2v = (—4, 5,2), point: (0,0, 0).
x=5y=~10+ 206 7 =3 ~ 3¢ (a) Parametric equations: x = —4f,y = 51,7 = 21
x_y+10_z-3 , ions: X =Y _ 2
(b) 5570 T 3 (b) Symmetric equations: — 1575
56. (a) v={(1,1,1} 57.u=(50,2),v=1(2,38
x=3+ty=2+tz=1+¢ i i k
= |5 0 2| = {~6,—36,15)
x—=3 y—~2 z-1 wxw ’ ’
(b) ST T or 2 3 8
x=3=y-2=z1 n=(2,12,-5)
alx = xg) + by = yo) + clz = 25) = 0
2Ax—0)+12(y —0) = 5z—0) =0
2+ 12y —52=0

58 u = (5 -5 -2, v=1{(3,5,2) 59. n = k, normal vector

i i k Plane: O0(x = 5) + Oy — 3) + 1(z — 2) =0
p=uxv=|5 —5 —2={0,—-16,40)

z=-2=0
3 5 2

Plane: O(x + 1) — 16(y — 3) + 40(z — 4) = 0
“2Ay =3 +5z-4=0
—2y+5,-14=0
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60. n = (~1,1, —2), point: (0,0,6)
1= 0) + 1y = 0) = 2= 6) = 0
~x+y—2:+12=0
x—y+27-12=0

61. 3x — 2y +32=6 62.5«—y—5.=5

© 50" X
e
R
(1.0,0) -
<2 ’\\ZY\/\A
. ’ \\ 4 Kx
(0,0,-1) B
63. 2x — 3z =06 64. 4y — 3z = 12
i Z&«m
i, 1 77
3){ 1 /

(0,0, 43

65. n = (2, —20,6), P = (0,0, 1) in plane, Q = (2, 3, 10}, P@ =42,3,9)

D“%P—Q)'nl” 22 L Y0 pess

T ] "~ Va0 Jio 10
66. p = PO nl
[

0 =(1,2,3). P = (2,0,0) in plane, PO = (—1,2,3),n = (2, =1, 1)

. i<w172’3> .(2’"*1,}); z_’_}_t_y:._;\/ﬁé
- NG J6 6

67. n = (1, —10,3), P = (2, 0,0) in plane, @ = (0,0,0), PO = (—2,0,0)
PO -n| |-2] 2 2J/110 V110

b= | ~ Jitio+9 Jiio 10 55

= 0.191]

6. p - P20l
]
0 = (0,0,0), P = (0,0, 12) in plane, PQ = (0,0, ~12),n = (2,3, 1)
C[0.0.-12)- 2,3, 1) _ 12 _6/14
J14 Jia 7
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69. False.a x b = —(b X a) 70. True. See page 761.
i i k
7hou-u=3-2,1) 3 -2, 1; 72 uxv= |3 =2 1l = {10, 11, ~8)
=9+4+1 24
= 14 i
o vxu=12 —4 -3 =(~-10,-11,8)
= [ul? ) 1
Thus, u X v = —(v X u).
73.u-(v+w =3 -2,y (,-2,—-1) =6
w-v+u-w=1l+(-5=6
i ik
T4 ux(v+wi=ux{l,-2,-1)=13 -2 1l = (4,4, —4)
Io-2 ~1
ux v = (10,11, —8) (Exercise 72)
§ i j k
axw=| 3 =2 1 ={(—6,—7,4)
§~§ 2 2)
(uxv)+ (uxw =011, -8y + (-6, -7, 4) = 4,4, —4)
=4 x (v + w)
E i i k
T5ouxv=luy oy Uy = (yvy = ugvy)i = (uvy — ougv)i + (v, — ouv )k
v vy ¥
76. See table on page 759. 77. The magnitude will increase by a factor of 4.
78. Form vectors for two sides and complete their cross product.
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Practice Test for Chaprer 10 927

Chapter 10  Practice Test

1. Find the lengths of the sides of the triangle with vertices (0, 0, 0), (1,2, —4), and (0, =2, — 1).
Show that the triangle is a right triangle.

’ 2. Find the standard form of the equation of a sphere having center (0, 4, 1} and radius 5.
3. Find the center and radius of the sphere x> + y* + 22 + 2x — 4z — 11 = 0.
4. Find the vector u — 3v givenu = (1,0, —1) and v = (4, 3, —6).
5. Find the length of 3v if v = (2,4, —6).
6. Find the dot product of u = (2,1, =3) and v = (1, 1, -2,
7. Determine whether u = (1, 1, — 1) and v = (=3, —3, 3) are orthogonal, parallel, or neither.
8. Find the cross product of u = (= 1,0,2) and v = (1, — 1, 3). What is v x u?

9, Use the triple scalar product to find the volume of the parallelepiped having adjacent edges u = (1,1, 1),
v=1{0,—1,1),andw = (1,0,4).

10. Find a set of parametric equations for the line through the points (0, —3,3) and (2, =3, 4).

11. Find an equation of the plane passing through (1, 2, 3) and perpendicular to the vector n = (1, ~1,0).

12. Find an equation of the plane passing through the three points A = (0,0,0),B=(1,1,1),and C = (1,2, 3).
13. Determine whether the planes x + y — z = 12 and 3x — 4y — z = 9 are parallel, orthogonal, or neither.

14. Find the distance between the point (1, 1, 1) and the plane x + 2y + z = 6.
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